Monopole operators in Chern-Simons theories with charged matter have been studied using the state-operator map in CFTs, as states on R × S 2 with background magnetic flux on S 2 . Gauge invariance requires a dressing with matter modes which provides non-zero spin to the monopoles. In this note we propose a description of the monopole operators directly on R 3 , as a singular behavior of the gauge and matter fields in the vicinity of the insertion point, with a dressing. We study abelian theories with a charged boson or a charged fermion. We extend the discussion to abelian supersymmetric Chern-Simons-matter theories and describe the BPS monopoles, which have spin and preserve a single supercharge. We match our results against the prediction from the superconformal index.
Introduction
Monopole operators in three-dimensional Euclidean gauge theories are local operators whose insertion is defined by prescribing a Dirac monopole singularity at the insertion point for a U (1) gauge field, with U (1) embedded into the gauge group [1] [2] [3] . In an abelian theory with gauge field A, for an insertion at the origin in R 3 , the monopole configuration is
with r the radial coordinate in R 3 . Dirac quantization of the magnetic flux imposes q ∈ Z. The monopole singularity is spherically symmetric and carries no spin. As a local operator it has charge q under the global U (1) topological symmetry whose conserved current is j = F . Monopole operators are rather ubiquitous in studies of three-dimensional gauge theories. For instance, they can serve as order parameter for symmetry broken phases in second order phase transitions [4] [5] [6] [7] , they are dual to elementary fields under dualities [8] [9] [10] [11] [12] [13] , they are crucial to understanding the vacuum structure of supersymmetric theories [14] , they arise in non-perturbative corrections to superpotentials [15, 16] , they can be used to deform the action and trigger RG-flows leading to infrared dualities [17] [18] [19] [20] , they participate in infrared symmetry enhancement mechanisms [21] . The higher dimensional cousin of the monopole operator is the most studied 't Hooft loop in four dimensional gauge theories. Although this is not necessary, one can "dress" a monopole insertion with uncharged matter fields inserted at the same point. This plays an important role in monopole operator counting problems in non-abelian theories [14] .
In a theory with Chern-Simons term at level k ∈ Z, a monopole of magnetic charge q acquires a gauge charge kq. To obtain a gauge invariant operator one must dress the monopole with the insertion of charged matter fields. This is usually understood by using the state-operator map in a CFT. Under this map, monopole operators are described as states of the theory on the cylinder R × S 2 , in the sector where there is a magnetic flux of charge q on S 2 . The dressing arises as excitations of the matter fields in this monopole background [22] . Because of the monopole background, the spacetime spin of the charged fields is modified. This phenomenon manifests itself in the form of the "monopole spherical harmonics" studied in [23, 24] , which are the spherical harmonics of a scalar field of charge one in the q-monopole background. The smallest angular momentum of the scalar field harmonics is |q| 2 . In this context, the excitations of a scalar field dressing a monopole background provide non-zero spin to the gauge invariant monopole states, and the corresponding monopole operators of the CFT on R 3 have non-trivial spin.
It is not obvious how to realize these monopole operators as local operators on R 3 . In particular we cannot simply insert charged fields φ(x) at the insertion point, since on one hand it would not account for the extra spin carried by the dressing, and on the other hand regular solutions to the equation of motions have the charged fields set to zero at the location of the monopole insertion. No such issue arises for dressing with uncharged matter fields.
In this note we overcome these difficulties and propose a realization of the monopole operator insertions by giving a singular behavior to the charged matter fields and dressing the monopole with matter modes that appear in the singular expansion. We consider abelian gauge theories with minimally coupled matter fields. Our primary example is the theory of a single charged boson, which we study in Section 2. Our prescription is to require a profile for the scalar field φ that satisfies its equation of motion in the vicinity of the insertion point and to impose Gauss's law, which arises from the gauge field equation of motion. We find that these constraints can be met only if one allows for profiles where φ and φ are related by a modified conjugation relation, with φ diverging at the origin and φ vanishing at the origin, or vice-versa. The relation between φ and φ can be understood as inherited from the standard complex conjugation of the Lorentzian theory on R × S 2 . The profiles for kq > 0 take the form + n, n ∈ Z ≥0 . The moduli |a jm | are constrained by Gauss's law, while the phases e iλ jm , defined by a jm = |a jm |e iλ jm , are dynamical variables. Removing a ball of radius around the insertion point and requiring a boundary term on the S 2 boundary that cancels the boundary piece of the bulk field variation, we find that in the → 0 limit the monopole insertion must be dressed with a factor j,m (e −iλ jm ) n jm , where n jm is a collection of positive integers satisfying jm n jm = kq and in terms of which the |a jm | moduli are fixed (see Equations 2.26,2.27,2.28). This dressing term also restores the gauge invariance of the monopole insertion in the Chern-Simons theory.
Because the dressing factors e −iλ jm have spin j, the monopoles transform in non-trivial Spin(3) representations, which are easily worked out in this simple theory. Our findings mimic to a large extent the construction of monopole states of the theory on R × S 2 in Hamiltonian quantization as presented in [22] .
We extend our construction to the abelian theory with a charged fermion field in Section 3. The only qualitative difference with respect to the scalar field case is that the "occupation numbers" n jm of each fermion mode take values 0 or 1 only, due to the fermionic statistic.
We then carry on to study supersymmetric monopoles in Section 4. The simplest instance arises in supersymmetric N = 2 SQED theory with a single charged chiral multiplet and Chern-Simons level k. To define a supersymmetric monopole insertion one starts by requiring a half-BPS monopole singularity (4.2). In this background the singular profiles for the boson and fermion fields are slightly modified (or rather simplified). By studying the BPS conditions we find that 1 4 -BPS monopoles can be constructed if one restricts the singular profiles and dressing factors to certain scalar and fermion modes which obey BPS conditions (see Equation (4.15)). A schematic summary of the construction of BPS monopoles is given in Table 1 . In an infrared CFT, the BPS monopoles belong to short multiplets at threshold A 1 , or A 1 , in the language of [25] . We compute the quantum numbers of the BPS monopoles, including their dimension, as a function of the infrared R-charges of the fields. We compare our results with the superconformal index of the abelian SQED theory and find an exact agreement.
The analysis in this paper should be understood as performed in a small coupling limit of the theories, which is the large k limit (or the small g Y M coupling limit if one uses a Yang-Mills UV regulating term). However most of the qualitative results, such as the monopole operator content and their spin representations, does not change as continuous couplings are turned on, including quadratic and quartic scalar potentials, which might be finetuned to reach infrared interacting CFTs.
1 Because they can acquire large anomalous dimensions, it is difficult to assess the fate of non-supersymmetric monopole operators along RG-flows in strongly coupled theories (small k).
Although we study only simple abelian theories, the construction presented in this note should generalize to other abelian theories and non-abelian theories without major modifications.
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CS theory with a charged boson
We consider a U (1) Chern-Simons theory at level k ∈ Z with a complex scalar field φ of charge one. The action is
Often one introduces a Yang-Mills term which acts as a UV regulator to the action. In this discussion we will not need it.
2 The 1 The Chern-Simons level is not a continuous coupling, but it is likely that the spectrum of monopoles that we describe is correct at any value of k. This is certainly the case for BPS monopoles.
2 Also we do not introduce potential terms in the action (mass term and quartic potential). The idea is that we study the local operators in the limit of vanishing couplings, to equations of motion (eom) are
To define a local monopole operator of magnetic charge q, we require that the gauge field has a Dirac monopole singularity at the origin in Euclidean space 1 2π
which, in a convenient gauge, corresponds to the gauge field profile
where we used the spherical coordinates r ≥ 0, θ ∈ [0, π], ϕ ∼ ϕ + 2π. We will denote ω 2 = sin θ dθdϕ the volume form of the unit S 2 . The eom (i) implies Gauss's law constraint on the magnetic flux emanating from the origin
Therefore we need to require a certain profile at the origin for the field φ as well, compatible with Gauss's law. We will require a profile compatible with the eom (ii) close to the origin. Equation (ii) is modified (compared to the free scalar theory) by the presence of the non-trivial gauge connection. To solve for the eom (ii) we must use the so-called monopole scalar harmonics Y qjm on S 2 [23] , which are not functions but sections of the gauge bundle over S 2 . They are eigenfunctions of the modified Laplacian on the sphere with magnetic background flux q, 6) make things simple. Our findings however will not depend on continuous deformations of the action and will be valid, for instance, in the critical theory with a quartic interaction, which flows to a non-trivial IR fixed point.
with m = −j, −j + 1, · · · , j − 1, j. They obey the orthonormal relations
An important difference with respect to the standard scalar harmonics is that the allowed values for j are j = |q| 2 + n, for n ∈ Z ≥0 . The smallest value is j = |q| 2 . Using the ansatz φ = g(r)Y qjm (θ, ϕ) and writing the Laplacian in spherical coordinates,
This admits a singular and a regular solution g(r) = r
respectively, with
We can thus solve the eom (ii) with the scalar profiles
or φ = ar
with a ∈ C. However, if we adopt the standard reality condition φ = φ * , we find that no such profile can solve Gauss's law (2.5). Actually, with φ = φ * the left-hand-side of (2.5) is imaginary, whereas we need it real. Instead, if we think of φ and φ as independent fields of charge 1 and −1 respectively, with the equations of motions D 2 φ = 0, D 2 φ = 0, we have the solutions While we do satisfy Gauss's law, we remark that the solutions do not satisfy the local equations (i) in (2.2). Trying to impose a solution to (i) seems a too strong requirement and we find that imposing only Gauss's law, which is the integrated equation, will fit our purposes. 3 We conclude that, assuming kq > 0, one should impose the profiles at the origin 14) where the phase e iλ , λ ∼ λ + 2π, is a fluctuating field and "sub" denotes subleading terms in small r. The angle λ cannot be chosen as a fixed background because it transforms under gauge transformations: 15) where Λ(0) is the evaluation at the origin of the gauge parameter. If kq < 0, one has to exchange the roles of φ and φ, i.e. changing β j → −β j in the profiles (2.14). The surprising feature of the profiles (2.14) is that the leading behavior of φ is related to that of φ by an unusual reality condition φ = r 2β j φ * . In general one can think of φ and φ as independent complex fields and define a half-dimensional slice in field space to integrate on in the path integral. The choice of slice should make the action positive definite. The standard choice is φ = φ * , but there could be other choices. We will not study how to choose a slice, or define proper reality conditions, compatible with (2.14) and simply assume that it can be done. We notice that if we perform a conformal map to the cylinder R × S 2 and a Wick rotation to Lorentzian signature, the reality condition that we observe in (2.14) becomes usual complex conjugation. We will also not study the precise form of the subleading term "sub".
When introducing a diverging profile at the origin, a common procedure is to cut a small ball B of radius > 0 and allow for a boundary term on S 2 = ∂B . Such a boundary term is fixed, in principle, by requiring a well-defined variation principle, namely the cancellation of boundary terms coming from the field variation of the action. The variation of the scalar action produces the boundary term
with α > 0. To cancel this term (in the limit → 0) we should thus add the boundary term
Therefore we find that we should insert e −ikqλ at the origin to complete the operator insertion.
5 This result agrees nicely with the analysis of the gauge invariance of the monopole operator. Let us explain this point.
Under a field variation A → A + δA the Chern-Simons action changes by a bulk plus a boundary term
In order for the boundary term δA ∧ A to cancel we can fix one component of the gauge field to zero, say A θ = 0, on the boundary [26] . This is compatible with the presence of the Dirac monopole singularity. The variation δS CS reduces only to the bulk term
Specializing to a gauge transformation δA = dΛ, we find
We see that δ Λ S CS is a boundary term which is non-vanishing in the presence of a non-zero magnetic flux (2.4). In the limit → 0, we have
In our conventions the integrand of the path integral is e −S−S bdy . 5 Describing this insertion as a local operator insertion in terms of φ and φ is not convenient.
Note that the transformation is compatible with Λ being 2π-periodic, since kq ∈ Z. This gauge variation is nicely canceled by the gauge variation of the dressing factor e −ikqλ ,
The insertion of e −ikqλ = (e −iλ ) kq can be thought of as a dressing with kq modes of φ at the origin.
To summarize, with kq > 0, a monopole insertion at the origin M q (0) is defined in the path integral formulation by requiring the Dirac monopole singularity (2.4), the scalar profiles (2.14) and the insertion of e −ikqλ , with λ the phase defined in (2.14). For kq < 0, the scalar profiles are exchanged (β j → −β j ) and the dressing e −ikqλ = (e iλ ) −kq can be thought of as a dressing with −kq modes of φ at the origin.
Generalization and spin of monopoles
As such this operator does not transform nicely under Spin(3) rotations. If we label λ = λ jm the phase appearing in the profile (2.14), we observe that e iλ jm (or e −iλ jm ) transforms as a component of the spin j representation. The dressing operators e −ikqλ jm = (e −iλ jm ) kq however do not transform in a representation of the rotation group, or rather transform into operators that we have not yet discussed . To find the missing operators, we need to generalize the monopole insertions.
The generalization goes as follows. Assuming kq > 0, we require, in addition to the monopole flux singularity (2.4), the scalar field profile at the origin
with a jm = (a jm ) * , and with only a finite number of non-zero a jm ∈ C. Gauss's law (2.5) imposes the constraint
The boundary contribution in the variation of the action is now canceled by adding the boundary term
Now recall that the phases λ jm are 2π periodic, so, for the boundary term exp(−S bdy ) to make sense, we must impose the quantization conditions 2β j |a jm | 2 := n jm ∈ N for all j, m. To satisfy Gauss's law (2.24) one must then choose a collection of non-negative integers n jm , such that j,m n jm = kq. The scalar profiles become
26) with
Gauss's law :
and the monopole insertion is completed by the dressing operator Dressing term :
Once again the dressing operator restores the gauge invariance of the monopole insertion, since the phases λ jm all transform as λ jm → λ jm + Λ(0) under a gauge transformation. This defines the insertion at the origin of a monopole operator M qn with n = (n jm ) with n jm ≥ 0 and |n| := jm n jm = kq. As is sometimes done in the literature, one can think heuristically of the dressing as the insertion of kq factors, where each factor is thought of as a ∂ n φ insertion at the origin, with φ an operator of spin
. This is however more of a book-keeping device rather than a correct statement.
For kq < 0 we need to invert the roles of φ and φ by exchanging the profiles in (2.26) (this is implemented by β j → −β j , n jm → −n jm ) and dressing the insertion with −kq factors e iλ jm . Heuristically we dress the monopole with modes of φ instead of φ. Gauss's law becomes in this case
We can now reconsider the question of the transformation under SU (2) = Spin(3) rotations. From the definition of the profiles (2.26) we understand that the operators e −iλ jm for |m| ≤ j form a spin j representation, which we denote j.
We deduce that the set of operators M qn with fixed n j := j m=−j n jm (satisfying j n j = kq), transform in the tensor product representation 
This is a reducible representation. 6 In the minimal case k = q = 1, the occupation numbers n of the monopoles M qn have a single non-zero entry n jm = 1. In this case the 2j + 1 monopoles with n j = 1 form a spin j representation, the smallest spin being j =
These monopole operators, with these spin quantum numbers, exist in the theory deformed by a scalar mass term and scalar quartic potential, since continuous deformations do not affect the SU (2) representations in which the monopole transform. We can think about the monopole operators in the theory with critical quadratic and cubic interactions, which flows to an infrared CFT. Ideally one would like to know the conformal dimension of these monopoles in the CFT. Computing the dimension of the monopole operators (or any unprotected operator) is a notoriously hard problem in a strongly coupled field theory. In the limit of large number of charged fields N f 1 the infrared theory is effectively weakly coupled and the monopole dimension can be computed pertubatively in 1/N f [1, 27] (see also a d = 4 − approach in [28] ). In the Chern-Simons theory, 't Hooft-like limits were considered (with large k, N f or large k, N c and fixed ratio). The monopole dimension is then extracted from the leading contribution to the free energy of the theory on S 1 β × S 2 in the small temperature limit β → ∞ [22, 29, 30] , sometimes relying on numerical evaluations. These results are not directly applicable to the theory of a U (1) gauge group with a single flavor. 7 
CS theory with a charged fermion
We consider a U (1) gauge theory with Chern-Simons kinetic term at level k ∈ Z and a fermion ψ of U (1) charge 1. The Euclidean action is
with D µ ψ = (∇ µ − iA µ )ψ. The fermions ψ, ψ have two complex components ψ α , ψ α , α = 1, 2. A proper definition of the path integral, and in particular of the fermion determinant in the background of the gauge field A, requires to add the phase exp(± iπ 2 η(A)), where η(A) is the APS eta invariant [31] [32] [33] . The sign ± can be chosen arbitrarily. This term is often loosely referred to as a Chern-Simons term at level ± . We refer to [34] for an in-depth discussion. If we add a mass term with parameter m, the low-energy effective ChernSimons level is
. For a massless fermion we can adopt a regularization such that k IR = k.
The equation of motions (eom) are
We define the Dirac monopole singularity with magnetic charge q ∈ Z as in (2.4). In the fermionic theory Gauss's law stems from eom (i) and is given by
Therefore we should supplement the Dirac monopole singularity with a singular fermion profile such that this constraint is satisfied. To accomplish this, we study the solutions of the eom (ii) is the vicinity of the monopole insertion. The solutions are expressed in terms of the so-called spin 1 2 monopole harmonics on S 2 , which were studied in [1, 30] . In the notation of [30] (Appendix A), there are two types of spin 1 2 harmonics, explicitly given by
wheren is a unit vector parametrizing S 2 (replacing (θ, ϕ)), and |m| ≤ j. In the notation of [1] they correspond to φ j− . Solving the eom in cylindrical coordinates around the origin is a little tedious. Fortunately this was accomplished in [1] . The final result is
6) 8 We correct here some typos in [30] 9 This form assumes a frame where γ a , a = 1, 2, 3, are the standard Pauli matrices. 10 The equations are solved for the theory on the cylinder in [1] . The solutions in flat space are easily obtained by performing the Weyl rescaling back from R × S 2 to R 3 , taking into account that ψ has scaling dimension one,
with a ∈ C and |m| ≤ j (this corresponds to zero-modes of the theory on R × S 2 ), and
with |m| ≤ j, β j given in (2.8), and a 1 , a 2 ∈ C two constants. The solution with a 2 = 0 goes to zero at r = 0, while the solution with a 1 = 0 diverges at r = 0. As in the bosonic case, the standard conjugation relation ψ = ψ † does not lead to solutions of Gauss's law (3.3). For j = |
, we can solve (3.3) close to the origin by requiring a profile
, it is not possible to solve (3.3) by assuming a profile solving the eom and having ψ ∝ ψ † . Instead we can consider the profiles
with T qjm = T † qjm and S qjm = S † qjm . The modulus |a| = (aa) 1/2 is fixed by solving Gauss's law as a function of k, q and j. Using the computations of the appendix of [1] , 11 we find that the fermion profile is
10)
11 To do reproduce these computations, one would need at some point to compute integrals of three Y functions which are given in terms of Wigner 3j symbols, as found in [24] .
where it is understood that T qjm = 0 for j =
where S 2 = ∂B and we have used the fact that the fermion background satisfies Gauss's law (3.3) to reach the final result in the limit → 0. To cancel this boundary term (in the limit → 0) we add to the operator insertion the dressing term e −ikqλ . (3.12)
As in the scalar theory, the dressing factor has gauge charge −kq, compensating for the gauge transformation of the Chern-Simons term and restoring the full gauge invariance of the monopole operator insertion.
There is however an issue with the dressing factor. The phase e −iλ , as defined by the fermion profile (3.10), is a Grassmann-odd field. Therefore it vanishes when raised to a power two or bigger. Thus the dressing term (e −iλ ) kq vanishes, except for kq = 1. To be able to define monopole operators with higher values of kq we need more fermion modes.
Generalization
The monopole insertion can be generalized. We assume kq > 0. Since this is analogous to the scalar field case, we only go through the main lines, skipping details. We can require a singular profile of the fermion field 
14)
The periodicity of the phases λ jm = λ jm + 2π implies n jm ∈ Z ≥0 . Because exp(−iλ jm ) are Grassmann-odd fields, there should at most one power of each such factor in the dressing operator. This means that n jm ∈ {0, 1}.
This defines the insertion of the monopole operator M qn with n = (n jm ), satisfying Gauss's law : = 0 corresponding to a scalar operator.
For kq < 0, we must exchange the roles of ψ and ψ, by exchanging the profiles in (3.13) and dress the monopole singularity with −kq factors of e iλ jm . Heuristically we dress the monopole with modes of ψ, instead of ψ. Gauss's law becomes in this case 
BPS monopoles in N = 2 Chern-Simons SQED
Supersymmetric Chern-Simons theories with charged matter admit many monopole operators which can can defined by allowing bosonic and fermionic singular profiles. With the minimal amount of supersymmetry, 3d N = 1 gauge theories do not admit monopole operators preserving supersymmetries. This is simply because the Dirac monopole background (2.4) breaks all supercharges. With N = 2 supersymmetry, it is still true that the gauge field monopole background breaks all supersymmetries, but it is possible to preserve half of them by requiring a singular behavior for the scalar field in the vector multiplet. An N = 2 vector multiplet is composed of the fields (A, σ, λ, λ, D): a gauge field A, a real scalar σ, a two-components fermion λ and a real auxiliary scalar D. We provide the supersymmetry transformations of the abelian vector multiplet in Appendix A. The BPS equations are
where ε and ε are two independent two-component complex spinors, parametrizing the N = 2 supersymmetry transformations with generators Q α and Q α , α = 1, 2. A half-BPS monopole operator of magnetic charge q ∈ Z is defined by imposing the Dirac monopole singularity for the gauge field and a singular profile for σ [2] :
with u ∈ {+1, −1} and D = 0. This profile obeys F + udσ = 0, preserving the supercharges Q α , α = 1, 2 for u = +1 and Q α , α = 1, 2, for u = −1.
In the absence of a Chern-Simons term the monopole profile (4.2) defines a gauge invariant local half-BPS chiral operator. 12 We now consider an abelian theory with Chern-Simons term at level k. The N = 2 Chern-Simons action is S
In the absence of Yang-Mills (or rather Maxwell) kinetic term, σ and λ are auxiliary fields. We consider the theory with a single chiral multiplet with matter fields (φ, ψ, F ) of U (1) charge +1, comprising a complex scalar φ, a two-component complex spinor ψ and a complex auxiliary scalar F , with action
To define the insertion of a monopole operator of magnetic charge q we can proceed as described in the previous sections by requiring a Dirac monopole singularity for the gauge field and a singular profile for the charged matter fields φ and/or ψ. This leads to a variety of monopole operators with various spins that we do not analyze here. All these monopole break all supersymmetries as explained.
To find a supersymmetric monopole in the N = 2 Chern-Simons theory, we start by requiring a half-BPS singular profile (4.2) with magnetic charge q ∈ Z, for the vector multiplet fields. We take u = −1 and look for monopole operators that preserve Q α .
To define the monopole operators we must require a singular profile for matter fields. The analysis of the scalar field profiles is only slightly modified compared to section 2. The modification arises because of the coupling of φ to σ. In the vicinity of the origin the equation of motion for φ is now 5) due to the singularity (4.2) of σ. The effect of the extra term is to simplify the parameter β j to j + , making the radial profiles of the solutions that of 12 The generalization to a non-abelian Yang-Mills theory does not present difficulties and is well-known [3] . a free scalar field. The rest of the analysis is unaffected. 14 We thus find that the supersymmetrization of the monopole singularity simplifies the expressions, as one might have expected. To solve Gauss's law, we must choose the boson backgrounds
or permutations of φ and φ, with j ≥ |q| 2
, and the fermion backgrounds there is only the S qjm mode for ψ which is not paired with a T qjm mode for ψ, therefore we do not allow this mode.
We are interested in monopole operators preserving supercharges Q α , so we must select the bosonic and fermionic profiles solving the Q-BPS equations in the background of a BPS monopole singularity (4.2). Let us look at the scalar field. The BPS equations are 0 = δ ε ψ = εF ,
13 When we regularize the insertion by removing a ball B , we must add extra boundary terms to preserve supersymmetry. A standard calculation shows that we must add S susy bdy = S 2 ω 2 2 (iψγ r ψ − φD r φ). This term evaluates to a constant in the limit → 0 and its variation δS susy bdy is subleading in compared to the other boundary terms entering in our discussion, therefore we can neglect it.
14 Mapping these solutions to the theory on R×S 2 , we reproduce the spectrum of fermion mode energies of N = 2 SQED computed in [2] .
The first equation imposes F = 0 at the origin. 15 To evaluate the right-handside of the second equation we need the explicit form of the monopole scalar harmonics Y qjm , given in [23] . With x := cos θ, we have
+j ] , (4.10) with C jm real constants. We take the gamma matrices to be γ
, with τ i the standard Pauli matrices, and we look for solutions preserving the supercharge Q 2 generated by ε = 0 1
. We find the two BPS equations
(4.11)
We now evaluate these BPS equations on the (j, m)-component of the φ profile, φ jm = r j Y qjm . We find . The analysis goes along the same lines and we find that among the profiles φ jm = r j Y qjm , only the choice m = −j solves the BPS equations for Q 1 . There is no background φ jm preserving both Q α supercharges.
Let us turn to fermion field. The BPS equations are
(4.13) 15 We must only require that the BPS equations hold as we approach the origin. 16 Y jm are not functions but sections of the gauge line bundle on S 2 . This is the value on a patch covering one hemisphere of S 2 : the patch where A = 1 2 (1 − cos θ)dϕ. On the other patch the value is multiplied by e −iqϕ .
The equations on the second line are solved for all ψ profiles since they are the equations of motion for ψ and the profiles are defined as solutions to the equations of motion. The equation on the first line is very simple. It admits solutions for some only if the two components in ψ are proportional. The background ψ jm in (4.8) is explicitly
We observe that the two components of ψ jm are independent except when one is vanishing. This happens for m = j, when the lower component vanishes, and for m = −j when the upper component vanishes. Explicity the profiles ψ jj preserve Q 2 and the profiles ψ j,−j preserve Q 1 . Here again there is no solution preserving both Q α supercharges.
If we had chosen the diverging backgrounds r −j− Finally we should ask whether the dressing factors preserve supersymmetries or not. The dressing operator is a product of terms e −iλ jm and e i λ jm which arise as the coefficients of the modes φ jm and ψ jm respectively. The supercharges act on e −iλ jm and e i λ jm as they act on the modes φ jm and ψ jm . Since δ ε φ = 0 and δ ε ψ = εF = 0 (at the origin), the dressing factors are Q α -invariant for both α = 1, 2.
From the BPS computations above one can also conclude that the profiles φ jj and ψ jj (and thus the modes e −iλ jj and e i λ jj ) are not Q 2 -exact, and that similarly the profiles φ j,−j and ψ j,−j (and the modes e −iλ j,−j and e i λ j,−j ) are not Q 1 -exact.
We conclude that the matter profiles can preserve at most one supercharge and, in order to do so, one should allow only for boson and fermion fields with m = j, or only those with m = −j. For instance the profiles preserving
The integers n jj ∈ Z and n jj ∈ {0, 1} satisfy Gauss's law , where the shift − 1 2 is related to the Atiyah-Patodi-Singer eta invariant [31] [32] [33] [34] . Here the role of the mass m is played by the background σ = u q 2r
, and sgn(σ) = sgn(q)u. Notice that the (mod 2) integers n jj are weighted with a minus sign in Gauss's law. This is because we imposed a diverging profile for ψ (instead of ψ) and thus we are dressing with modes of ψ instead of ψ. Gauss's law imposes that the gauge charge of the dressing compensates for the gauge charge of the bare monopole, and the modes of ψ have opposite gauge charge compared to the modes of ψ.
The dressing factor is BPS monop. behavior at r = 0 BPS modes Gauss's law This describes the insertion of supersymmetric monopole operators M qn n , which are Q 2 -BPS operators. The same construction with the selection of the m = −j modes, leads to the definition of Q 1 -BPS operators.
In this calculation we have chosen u = −1 for the supersymmetric monopole singularity (4.2) and found BPS monopoles preserving one Q supercharge. We can also pick the other choice u = 1, in which case the BPS monopole singularity (4.2) preserves the two supercharges Q α . The appropriate bosonic and fermionic backgrounds in that case are obtained by exchanging the roles of φ and φ in (4.7), and of ψ and ψ in (4.8), namely the diverging backgrounds are those of φ and ψ. From the BPS equations we find that allowing only the modes with m = j defines monopole operators preserving Q 1 , while allowing the modes m = −j defines monopole operators preserving Q 2 . Gauss's law imposes the constraint on the bosonic numbers n j,±j and fermionic numbers n j,±j , − 19) where the ± sign is + for monopoles preserving Q 1 and − for those preserving Q 2 . These features are qualitatively summarized in Table 1 .
Notice that the supersymmetric monopoles of the Chern-Simons theory always preserve a single supercharge and are therefore
Quantum numbers and superconformal multiplets
Having understood which monopole operators are BPS, we would like to describe their quantum numbers and to explain to which short superconformal multiplet they belong, in the SCFT that is believed to exist in the infrared limit.
We focus on the "bosonic " monopoles M qn , defined with the u = −1 BPS monopole background and a dressing by bosonic modes (i.e. modes of φ) only, with occupation numbers n = (n jm ). The fermion modes are all set to zero for these monopoles, n = 0. These monopoles exist only for k (−) q > 0, since Gauss's law is in this case j,m n jm = k (−) q. We will use here k := k (−) and assume k > 0 and q > 0 for simplicity. Generically the monopoles M qn do not preserve any supersymmetry, but some of them preserve Q 1 or Q 2 .
A simple class of monopoles preserving Q 2 has n jj = k q for a chosen j, and n jm = 0 for all other j, m pairs. Their counterpart monopoles preserving Q 1 have n j,−j = k q and n jm = 0 for all other j, m pairs.
They both belong to the same irreducible spin representation [j ⊗k q ] sym of SU (2) The contribution from the dressing factor is the sum of the dimension of each individual factor e −iλ jm . This is easily extracted from the definition of the (j, m) mode: φ ∼ e −iλ jm r j Y qjm . In an N = 2 SCFT, the dimension of the anti-chiral field φ is related to its R-charge 17 −r: ∆(φ) = −R(φ) = r. It follows that the dimension of the dressing mode is
The dressing has k q modes of λ jm , leading to
The contribution ∆ bare from the bare anti-chiral monopole is also related to its R-charge by the BPS condition and can be computed as a sum of zero point energy of all oscillators in the theory on the cylinder [2] . It is given by [36, 37] 23) and the total dimension is
Similarly the U (1) R-charge of the BPS monopoles are computed as the sum of the R-charge of the bare monopole R bare = − 1−r 2 q and the R-charge of the dressing R dressing = k qR(φ) = −kqr,
The exact values of the R-charge and dimension of such BPS operators at the infrared fixed point depend on the U (1) R-charge at this fixed point. This may not coincide with the UV R-charge, but rather is a combination of U (1) R,UV with the U (1) global symmetries of the IR fixed point. The parameter r refers to the charge of φ under this infrared R-symmetry. This can be determined by extremizing the S 3 partition function of the N = 2 theory under consideration [38] .
We recover that the BPS monopoles obey the BPS condition ∆ = J 3 −R for V q,−J . This follows from the fact that the bare monopole and the dressing factors all obey the corresponding BPS condition. Another way to find the BPS monopoles is to consider only those dressed with modes φ jm , ψ jm (or φ jm , ψ jm ) which obey such BPS conditions.
The fact that these monopoles obey the BPS condition means that they define non-trivial elements of the Q 1 or Q 2 cohomologies and therefore contribute to the superconformal index defined with Q 1 or with Q 2 .
The monopoles V (j) qm are only the simplest BPS monopoles. These considerations apply in general to the BPS monopoles dressed with both bosonic and fermionic modes, as described in the previous subsection. We leave as a exercise to work out the quantum numbers in this general case.
Superconformal multiplet
In the infrared SCFT the Q α -BPS monopoles belong to short superconformal mulitplets called A 1 in the classification of [25] (or χ S in [39] ). These are the only short superconformal multiplets in 3d N = 2 SCFTs which accommodate for non-zero spin. They are 1 4 BPS operators in the sense that they are non-trivial in Q 1 cohomology or in Q 2 cohomology, but not in both. Moreover they are not the bottom component of the A 1 multiplet, but rather descendants. Indeed the bottom component C in this multiplet satisfies ∆ = J − R + 1, where J is the SU (2) spin and R is the U (1) Rcharge. In components we can write it C α 1 ···α 2j , for the operator with spin j. It satisfies the shortening condition Q β C β α 1 ···α 2j−1 = 0.
18 The descendants
The BPS monopoles are identified with the components D 11···1 and D 22···2 , which are non-trivial in Q 2 and Q 1 cohomology respectively. They are the only operators in the full multiplet contributing to the superconformal index defined with Q 2 or with Q 1 (see [39] for details).
There is a mirror discussion for Q α -BPS monopoles defined with u = +1 backgrounds and φ, ψ dressing modes.
Note in particular that this is different from supersymmetric monopoles in Maxwell (or Yang-Mills) theory without Chern-Simons term, which are not dressed with charged matter field. There, the monopoles are chiral ( 1 2 -BPS) operators with no spin. They are the bottom components of B 1 (or B 1 ) superconformal multiplets [25] and are non-trivial in both Q α (or both Q α ) cohomologies.
Superconformal index
We can compare our findings with the superconformal index of the theory [40] , which counts BPS operators in the theory. For a given choice of supercharge Q one can define an index as a trace over the Hilbert space H of the theory on the cylinder R × S 2 , refined with fugacities associated to generators that commute with {Q, Q † }. For 3d N = 2 theories there are two inequivalent indices [39] , that can be defined with the choices Q = Q 1 or Q = Q 2 (choosing Q α supercharges yield the same indices). To adapt to common conventions, we consider the index selecting states which obey H − J 3 − R = 0. This is achieved by choosing Q = Q 1 , 26) with H the energy generator, J 3 the Cartan generator of the Spin(3) = SU (2) rotations on S 2 , F the fermion number, and Q m the generator of the topological symmetry, which counts the magnetic flux on S 2 . There is no other global symmetry in our SQED theory with a single chiral multiplet, because the flavor symmetry is gauged in this model. Only states satisfying with {Q 1 , Q † 1 } := H − J 3 − R = 0 contribute to this index, so that it is independent of β.
Under the state-operator correspondence, the index I counts BPS operators of the theory on R 3 which are non-trivial elements of the Q 1 cohomology. They satisfy ∆ = J 3 + R, where the dilatation operator ∆ is identified with the Hamitonian H of the cylinder theory.
The superconformal index can be computed elegantly by supersymmetric localization as the partition function of the theory on S 1 × S 2 with periodic boundary conditions for the fermions around S 1 and some background deformations accounting for the parameters x, w [36, 41] . For the SQED theory with a single chiral multiplet it takes the form 27) where
is the infrared effective Chern-Simons level. This is a sum over magnetic sectors weighted with w q . The variable z is to be interpreted as a U (1) gauge symmetry fugacity. We recognize the contribution z k + q x
(1−r) |q| 2 as the factors of the bare BPS monopole, which has gauge charge G = k + q, dimension ∆ = 1−r 2 |q| and angular momentum J 3 = 0. The factor (1 − zx |q|+r+2n ) −1 matches the contribution of the BPS modes φ jj , with j = |q| 2 + n. Indeed these modes obey ∆ + J 3 = 2j + r = |q| + r + 2n, and have gauge charge G = 1. Similarly the factor (1 − z −1 x |q|+2−r+2n ) matches the contribution of the fermionic BPS mode ψ jj , with j = n jj , where n jj ∈ Z ≥0 counts the dressing by bosonic modes φ jj and n jj ∈ {0, 1} counts the dressing by fermionic modes ψ jj .
We conclude that the BPS monopoles that we have described cover all the BPS local operators appearing in the superconformal index. 19 20 
Extensions and ABJM monopoles
It is straightforward to extend the discussion to SQED theories with any number N f of chiral multiplets, with various gauge charges. The construction of monopoles can a priori be extended to non-abelian theories without conceptual novelty, however the match with the superconformal index is less trivial in this case, as there can be cancelations between the contributions of different monopoles. As observed in [42] , in non-abelian N = 2 Chern-Simons theories there are monopoles dressed with gaugino modes which contribute oppositely to the index as the same monopoles without the gaugino dressing. More precisely, monopoles can recombine into long multiplets, which do not contribute to the index. Indeed the A 1 (or A 1 ) superconformal multiplets to which the BPS monopoles belong are short multiplets at threshold, but are not isolated, in the language of [25] , and two A 1 multiplets with appropriate quantum numbers can recombine.
Finally we would like make a comment on BPS monopoles in quiver Chern-Simons theories such as the ABJM theory [43] . In the ABJM theory the gauge group is U (N ) k × U (N ) −k , with the subscript indicating the Chern-Simons levels in each node, and the matter fields are four bifundamental chiral multiplets: A 1 , A 2 in the representation (N, N ) and B 1 , B 2 in the representation (N , N ) . The theory has N = 6 supersymmetry but we can regard it as an N = 2 theory. Let us think about the abelian theory, 19 In the sector of zero magnetic charge q = 0, the index simply counts the chiral operators which are gauge invariant polynomials of φ jj ∼ ∂ j φ and ψ jj ∼ ∂ j ψ (meaning the component with J 3 = j). 20 In principle we expect other BPS monopoles whose contribution to the index cancel. These would be constructed with gaugino dressings and derivatives of the bare BPS monopole operator (whose precise meaning needs to be defined). It would be interesting to clarify this point in a future work.
with gauge group U (1) k × U (1) −k for simplicity. A bare monopole v q 1 ,q 2 has gauge charge (kq 1 , −kq 2 ) under U (1) k × U (1) −k . To built a gauge invariant operator one must dress the monopole with matter modes. Because matter fields are in (anti)bifundamental representations, this can be done only for bare monopoles of the form v q,q . In that case a bifundamental field sees an effectively vanishing magnetic charge 21 , it is not charged under the U (1) ⊂ U (N ) 2 that has the monopole singularity. Therefore the monopole singularity is dressed with standard insertions ∂ j A α (x), ∂ j B α (x). One finds half-BPS (chiral) monopole operators V + α 1 ···α kq = v q,q B α 1 · · · B α kq for kq > 0, and V − α 1 ···α kq = v q,q A α 1 · · · A α |kq| for kq < 0, with zero spin. This was described in [44] .
We find that, despite having Chern-Simons terms, the monopoles in ABJM theory are half-BPS chiral operators. In particular they have no spin. This phenomenon carries on to other quiver Chern-Simons theories of a similar nature and in particular in Chern-Simons theories with extended N ≥ 3 supersymmetry, as studied in [45] . In these theories the Chern-Simons levels and matter content are constrained in such a way as to allow for such half-BPS monopoles [46, 47] 
